A Dehn surgery is called a Seifert fibering surgery if it yields a Seifert fibered manifold. It has been conjectured that nontrivial, Seifert fibering sugeries on knots in the 3-sphere are integral surgeries unless the knot is a trivial knot, a torus knot, or a cable of a torus knot. We first prove an analogous result for knots in a solid torus. As a corollary it is shown that the conjecture holds if a regular or exceptional fiber of the resulting Seifert fibered manifold is unknotted in the (original) 3-sphere; this assumption is verified for many Seifert fibering surgeries. As another application, we show that except for trivial examples, no periodic knots with period greater than 2 produce a Seifert fibered manifold with an infinite fundamental group by surgery.
If (K\r) is non-simple or Tii{{K\r)) is finite, then [25] or [4] , respectively shows that a torus knot is a companion of K\ the Seifert fibration of the torus knot exterior extends over (if; r). Thus, as in Example 1 a trivial knot in 5 3 becomes an exceptional fiber.
Keeping these examples in mind, we conjecture that: In Section 6, Conjecture 1.3 will be verified for some Seifert fibering surgeries on the following knots: 2-bridge knots, Eudave-Muiioz' hyperbolic knots with non-hyperbolic surgeries [9] , and some twisted torus knots. However, these surgeries are already known to be integral ones.
Conjecture 1.3. Let K be a knot in S s . If (K]r) is a Seifert fibered manifold, then it admits a Seifert fibration such that a fiber of it is unknotted in (the original
Concerning Seifert fibering surgery on hyperbolic knots, experiments via the computer program SnapPea written by Jeffrey Weeks suggest that shortest geodesies in knot complements become fibers (Section 7).
Remark. Hayashi [18] and Hayashi-Motegi [19] also obtained some estimates on Seifert fibering slopes under some assumption of the position of fibers.
Proof of Corollary 1.4. Let c be a trivial knot in 5 3 given by Conjecture 1.3. Take a tubular neighborhood of c so that N(c) 0^ = 0, and let V = S 3 -intiV(c). Since V is an unknotted solid torus in S' 3 , a 0-bridge braid in V is a trivial knot or a torus knot in S 3 . We denote the natural image of c in (K; r) by the same symbol c. Since (K; r) admits a Seifert fibration in which c is a regular or exceptional fiber, {K\ r) -int iV"(c) is Seifert fibered. Since (ifjr) = V{K\r) U iV(c), we see that V{K\r) is a Seifert fibered manifold.
If K is not contained in a 3-ball in V, Corollary 1.4 directly follows from Theorem 1.2. If K is contained in a 3-ball in V, then V{K\r) 9* (K]r)#V. Since V(K; r) is a bounded Seifert fibered manifold, it is irreducible, so that [K] r) = S 3 where r ^ oo. By [15] if is then a trivial knot in 5 3 as claimed in Conjecture 1. 1 . □
Another application of Theorem 1.2 is the study of Seifert fibering surgeries on periodic knots. A knot K in S 3 is called a periodic knot with period p if there is a homeomorphism / : S 3 -> S 3 such that f(K) = K, / p = id (p > 1), Fix(/) £ S 1 , and Fix(/) n if = 0, where Fix(/) is the set of fixed points of /. We show that periodicity greater than 2 resists infinite, Seifert fibering surgery.
Theorem 1.5. Let K be a periodic knot in S 3 with period p > 2. If (K]r) is a Seifert fibered manifold with an infinite fundamental group, then K is a trivial knot, a torus knot, or a cable of a torus knot.

Remarks. (1)
The assumption p > 2 cannot be deleted. For example, the ±1, ±2, ±3-surgeries on the figure eight knot, which is with period 2, is a Seifert fibered manifold with an infinite fundamental group.
(2) Using the orbifold geometrization conjecture, we can extend the theorem to manifolds with finite fundamental groups (Propositions 5.6, 5.9).
The paper is organized as follows. If a surgery of a solid torus is a Seifert fibered manifold, then homology calculation shows that the base space is the disk or the Mobius band. The former case is dealt with in Sections 2, 3, and the latter in Section 4. In Section 5, we discuss Seifert fibering surgeries on periodic knots. Using Theorem 1.2 and the geometric structures of Seifert fibered manifolds, we prove Theorem 1.5. In Section 6, we show that some Seifert fibering surgeries satisfy Conjecture 1.3. In Section 7, we consider Conjecture 1.3 from viewpoints of hyperbolic geometry.
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The case when base spaces are disks.
In Sections 2 and 3, we prove the following. (1) K is a core of V or a cable of a 0-bridge braid in V.
(2) 7 is an integral slope.
Hence, by [11] , [12] either K is a 0-bridge braid in V or 7 is integral. In what follows we thus assume that V(K] 7) is Seifert fibered over a disk with n(> 2) cone points.
For convenience, we regard that V is a standardly embedded solid torus in S 3 . Let (M, L) be a preferred meridian-longitude pair of V C S 3 . A regular fiber on dV(K',j)(= dV) represents pM + qL for some coprime integers p and q. We distinguish three cases whether q = 0, \q\ = 1 or \q\ > 2.
Attach a solid torus W to V in such a way that the meridional slope of W is identified with the slope pM + qL. Then we obtain a 3-manifold V U W and denote the image of 
is reducible, then the primeness of S 2 x i? 1 implies that K f is contained in a 3-ball mVuW. Therefore (V U W^K'-^) has S 2 x S rl as a connected summand, a contradiction. Thus V U W -int N(K') is irreducible. Apply [17] to conclude that A(7, n') = A(7, /x) = 1; the slope 7 is integral. □ Lemma 2.4. // |g| = 1, then 7 is integral Proof In this case V U W = S 3 , and (V U W)(i(: / ;7) is a connected sum of n(> 2) lens spaces. Hence by [14] , A(7,//) = A(7,/z) = 1. Thus 7 is an integral slope. □
The last and the most difficult case is \q\ > 2.
Lemma 2.5. Suppose \q\ > 2. T/ien either 7 is integral or K is a cable of a 0-bridge braid in V.
Proof For simplicity set X = V U W -intiV^7)-Recall that VuW = Lfap)-We divide the proof into three cases:
is irreducible and not an atoroidal Seifert fibered manifold.
(2) X is an atoroidal Seifert fibered manifold.
(3) X is reducible.
In this section we settle cases (1) and (2) . (In fact, we show that 7 is an integral slope whatever K is.) Case (3) will be dealt with in the next section.
First we observe that
• (VUW){K'',lJ, , )=VuW = L{q,p). Hence, if L(q,p) -intN^') is irreducible and not an atoroidal Seifert fibered manifold, the above observation and the theorem prove Lemma 2.5. Case (2) . Since X is an atoroidal Seifert fibered manifold, its base orbifold is either a disk with at most two cone points or the Mobius band with no cone points. In the second case, X is the twisted I-bundle over the Klein bottle, and hence X admits also a Seifert fibration over the disk with two cone points of indices 2, 2. Thus the second case reduces to the first.
If X has at most one exceptional fiber, then it is a solid torus. Hence L(q 1 p)(K / ] 7) cannot be a connected sum of two lens spaces, a contradiction to Lemma 2.2. It follows that X has exactly two exceptional fibers. Let t be the slope of a regular fiber in
is (i) a connected sum of two lens spaces if A (a, t) = 0, (ii) a lens space if A (a, t) = 1, or (iii) a Seifert fibered manifold over the 2-sphere with three cone points if A(a:,£) > 2. The Seifert fibered manifolds in (iii) are neither lens spaces nor reducible (see [21] ). Thus, we see that A(7, t) = 0 and A(//,£) = 1, so that A(7,//) = 1 as claimed in Lemma 2.5.
Knots in lens spaces with reducible exteriors.
In this section we prove Lemma 2.5 in the case where
is reducible, and complete the proofs of Lemma 2.5 and Proposition 2.1.
Since a lens space L(q,p) is irreducible, the reducibility of Z/(g,p) -
Since V -mtN{K) is irreducible by the assumption of Proposition 2.1, S is not contained in V. Hence, we may assume that E intersects W with (non-empty) meridian disks of W. Now let us take such a 2-sphere S so that |E fl W\ (= the number of components of E D W) is minimal. Since E separates VuW, |ErW| is an even integer (> 2). Set P = En(V r -int #(#)), a planar surface. Lemma 3.1. \dP\ = 2 (i.e. ; P is an annulus) or 7 is integral.
Proof. Assume that \dP\ > 4. Since E separates L(q,p) = V UW, P also separates V. Cutting V along P, we obtain two 3-manifolds Mi and M2. We assume that Mi contains K. The minimality of |E fl W\ guarantees that P is incompressible and boundary-incompressible in V -mtN(K). In particular P is incompressible in both Mi -mtN(K) and M2. There are two possibilities: (1) P is incompressible in Mi (if 57), (2) P is compressible in Mi (if; 7).
(1) P is incompressible in Mi (if; 7). Then P is also incompressible in the Seifert fibered manifold V(K]j) = Mi (if; 7) Up M2. Since \dP\ > 4, P is boundary-incompressible in V(if;7). Hence P is isotopic to a vertical (i.e., consisting of fibers) or a horizontal (i.e., transverse to fibers) surface [31] . Since each component of dP is a regular fiber in y(if;7), P cannot be isotopic to a horizontal surface. Thus P is isotopic to a vertical surface, and so P is an annulus, a contradiction.
(2) P is compressible in Mi (if; 7). Claim 3.2. P is compressible also in Mi = Mi(if;/x).
Proof. If P is incompressible in Mi, then P is also incompressible in V = Mi Up M2. This implies that a solid torus V contains an incompressible planar surface P with \dP\ > 4, a contradiction. □ If there is no incompressible annulus in Mi-int N(K) with one boundary component in P and the other in dN(K), then Wu [33, Theorem 1] shows that A(7,/i) = 1, and hence 7 is integral as claimed in Lemma 3.1. In the following we thus assume that there is such an annulus, say A, in MiintiV(if). Write dA = C 1 U C2, where d C dN(K) and C2 C P(C E). Since C2 bounds a disk on the 2-sphere E, Ci bounds a disk in the 3-ball B. This implies that if' is a trivial knot in P, and dA fl cW^if') has the preferred longitudinal slope, A 7 , of if 7 C B.
The latter implies that the incompressible surface P in Miint N(K) is a disk or an annulus, which contradicts our assumpton \dP\ > 4. It follows that A(7,A / ) < 1. This together with the triviality of K' C B implies that either
is not a connected sum of n(> 2) lens spaces. This contradicts Lemma 2.2, and proves Lemma 3.1. □ Lemma 3.3. Suppose \dP\ = 2 (i.e., P is an annulus). Then one of the following holds.
(1) K is a cable of a 0-bridge braid in V.
(2) 7 is integral.
Proof. Recall that each component of dP hats the slope pM + qL. Since |g| > 2, P is incompressible in V, so it is a boundary-parallel annulus in V.
The closure of the component of V -P containing K is a solid torus. By shrinking it, we obtain a solid torus V C int V such that K C V 7 ; V is a tubular neighborhood of a (p, </)-cable of the core of V. Since V -int N(K) is irreducible and boundary-irreducible, so is V / -mtN(K).
First we assume that T = dV'(K; 7) is incompressible in V'^K; 7). Then T is incompressible in V^JK^)
. Since V(K;j) is a bounded Seifert fibered manifold, T cannot be isotopic to a horizontal torus, and hence T is isotopic to a vertical torus. (By isotoping Seifert fibration of V(K; 7), we may assume that T is vertical.) It follows that T splits V(K\ 7) into two Seifert fibered manifolds C and V'^K^j), where C is a cable space. This implies that V^K'ij) is also a Seifert fibered manifold over the disk. Moreover, a fiber on dV'(K]j) C dC represents pq^y + Ay, where (fiy^Xy) is a preferred meridian-longitude pair of V'(cV C S 3 ). Applying Lemma 2.4 to V'^Kn) shows that 7 is integral.
Next assume that dV'(K m^) is compressible in V^K^j). (1) K is a 0-bridge braid in V.
is a Seifert fibered manifold over the Mobius band with no cone points for any odd integer n.
is a Seifert fibered manifold over a Mobius band with one cone point.
cannot be a Seifert fibered manifold over the Mobius band. Thus we assume that K is not contained in a 3-ball in V. We consider the torus decomposition of V -mtN(K) ([22] , [23] ). Let P be the decomposing piece containing dV. Notice that P is Seifert fibered or hyperbolic (i.e., admits a complete hyperbolic structure in its interior) and that P is possibly V -int N(K) itself. Furthermore, if P is Seifert fibered, then P is a cable space or a composing space, each of which has a unique Seifert fibration [22] . Attach a solid torus W to V along their boundaries so that the slope L + nM bounds a meridian disk Dw of W, where (M, L) is a meridianlongitude pair of V, and n £ Z. We denote by K n the image of K in the new 3-sphere
U L+nM=dDw W admits a Seifert fibration over MP 2 unless L + nM is the fiber slope of V^K]^). Assume that 7 is not integral. [26, Corollary 1.4] states that if a surgery on a non-torus knot yields a Seifert fibered manifold over the projective plane, then the surgery slope is integral. Hence, K n is a torus knot except possibly for one value of n. In the following we show that if is a 0-bridge braid in V, i.e., V -mtN(K) is a cable space. If P is hyperbolic, then for sufficiently large n, P UL-^nM=dDw W ^s a^so hyperbolic [30] . This implies that some torus knot exterior 5
contains an essential torus (c dP -dV). Since a torus knot exterior is an atoroidal Seifert fibered manifold, this is a contradiction. It follows that P is Seifert fibered. Let us assume that P ^ V -mtN(K). Since torus knot exteriors contain no essential tori, P \JL+nM=dDw W is boundary-reducible and thus is a solid torus for infinitely many n. Then P is a cable space, and the distance between L + nM and the slope of a fiber of P on dV is one; the latter shows that the fiber slope on dV must be M. But this implies that 5 2 x S 1 = V VM=:dDw W contains a lens space summand of P ] JM=dD w W^ which is absurd. Hence, P is Seifert fibered and P = V -mtN(K). It follows that V -int N(K) is a cable space as desired. □
Seifert fibering surgery on periodic knots.
Let if be a periodic knot in S 3 with an automorphism / with period p as described in the Introduction. By the positive answer to the Smith conjecture [27] , / is a rotation of 5 3 about the unknotted circle Fix(/). Let N(K) be an /-invariant tubular neighborhood of K in 5 3 . Then we have a Zp-action on E(K) = S 3 -mtN(K) generated by f\E(K). We denote by / a periodic extension of f\E(K) over (if; r), which has also period p.
Proposition 5.1. Let K be a periodic knot with an automorphism f with period p. Suppose that (K;r) (r ^ oo) admits a Seifert fibration with Fix(/) a fiber, and f preserves the Seifert fibration of (if;r). Then K is a trivial knot, a torus knot, or a cable of a torus knot.
If K is one of those knots stated in the conclusion, then Fix(/) is an exceptional fiber in a Seifert fibered manifold (if;r).
Proof. By taking some power of /, if necessary, we may assume that / has a prime period p. (This / also satisfies the condition of Proposition 5.1.)
For simplicity, set c = Fix(/). Let K* be the core of the glued solid torus in (K; r). The circle c is fixed under /, and we may assume Fix(f l ) C cUK* (i = 1,.. .p -1). Express r = m/n. In the following, (m,p) denotes the greatest common divisor of p and m. Since the period p is a prime number, there are two possibilities:
(1) (m, p) = 1; then K* is not fixed under f l for any integer i = 1,... ,p-1.
(2) (ra,p) = p; then if* is fixed under /, so that Fix(/) = c U-K*.
Case ( 
Case(2)-(b). B isRP 2 .
We shall show that this case does not happen. Proof. If /|r is the identity, then as in case (2)-(a) we see that K* = r and thus K is a trivial knot or a torus knot in S 3 . However, the assumption of case (2) Proof If the base orbifold X is RP 2 , the fact x(X) = 0 implies that X has two cone points of index 2. Then a homology calculation shows that Hi(K;r) is non-cyclic, a contradiction. It follows that the base space is 5' Let S be a non-separating incompressible surface in (if;0). Since S is non-separating, it is isotopic to a horizontal surface. Therefore (K; 0) is a surface bundle over 5 1 with a fiber S. On the other hand, since x(X) = 0, the branched cover S over X is a torus. Prom [10, Corollary 8.23], we see that K is the trefoil knot or the figure eight knot. If K is the figure eight knot, then (K;0) is a torus bundle over 5 1 with hyperbolic monodromy. Such a manifold possesses the Sol-geometry by [ 
. If iri((K',r)) is finite, then K is a trivial knot, a torus knot, or a cable of a torus knot.
Remark. Using Assertion 5.5, Wang and Zhou [32] showed that a nontorus knot with a symmetry other than a strong inversion does not admit nontrivial, cyclic surgery.
Proof. Let / : S 3 -» S z be a periodic map of K given in the hypothesis of the proposition, and / : (K\r) -► (K\r) a periodic extension of f\E{K).
If (K\ r) is reducible, then K is a trivial knot, a torus knot, or a cable knot by the positive solution to the cabling conjecture for symmetric knots (Gordon and Luecke, and Hayashi and Shimokawa [20] ). But 7ri((K;r)) are infinite for such K. (If K is a (p, g )-cable of a knot k (q > 2), then r = pq and {K',pq) = (A;;p/q 2 )#(lens space). Then by [7] 7ri((jK») is infinite.) So assume that (K]r) is irreducible. Then, by Assertion 5.5 (K;r) with a finite fundamental group is geometric, so that (K]r) is Seifert fibered. Assertion 5.5, together with the lemma below, implies that / preserves a Seifert fibration of (K^r). Then, the proof is completed by applying the arguments in the last paragraph in the proof of Theorem 1. 
Surgeries on 2-bridge knots.
Brittenham and Wu [6] showed that if a Dehn surgery on a non-torus 2-bridge knot produces a Seifert fibered manifold over S 2 with at most 3 exceptional fibers, then the knot is a twist knot K±2,2n illustrated in Figure Proof. Since K_2,-2n is the mirror image of ^2,271, it suffices to consider r-surgeries of .K2,2n for r = -1, -2, -3. Furthermore assume r = -1, -2.
The proof for r = -3 is similar to the case r = -2. We follow the arguments in [6] which prove (1) of the above proposition. Let Ki U K2 be the link in Figure 6 .2(a), and L(ri, r2) the manifold obtained from S s by r^-surgeries on Ki. Note that K2 becomes -K^n i n L(-^,00) = S 3 ; a preferred longitude of ifi becomes c in L(-™,oo). Since lk(Ki,K2) = 0, we have (if2 5 2n; r ) -L(-^,r). We show that a preferred longitude of Ki is an exceptional fiber of the Seifert fibered manifold L(-^,r) for r = -1, -2. First exchange the position of ifi and K2 by ambient isotopy of S 3 ( Figure 6.2(b) ).
Suppose r = -1. After the -1-surgery on ^2, Ki becomes the left handed trefoil K' in L(oo, -1) = 5 3 ; then the framings of Ki and K f are the same. It follows that L(-i,-1) = (K']-^) is a Seifert fibered manifold. The glued solid torus in (if';-£) is a tubular neighborhood of an exceptional fiber of (if 7 ; -^). Since a preferred longitude of K' intersects a representative of the surgery slope -^ in a single point, it is a longitude of the glued solid torus in (if'; -jj), and so isotopic to its core. Hence a preferred longitude of ifi is an exceptional fiber in L(-^ -1) after isotoping the fibration.
Suppose r = -2. The longitude d of if2 in Figure 6 .2(c) bounds a meridian disk in the glued solid torus in L(oo, -2). Hence, in L(oo, -2) ifi is isotopic to a band sum of if 1 and c 7 . Let if{ be the band sum of ifi and cf via the band described in Figure 6 .2(c). Isotope ifi to if( in L(oo, -2). Then a preferred longitude of ifi becomes a longitude, A, of if{ with slope -2; the surgery coefficient for if( becomes -^ -2. An isotopy of if^ U if2 in S' 3 gives Figure 6 .2(d). The exterior of 1/ = if{ U if2 is a Seifert fibered manifold. It is checked in [6] that 2/(-± -2,-2) ^ L(-i,-2) is also a Seifert fibered manifold. Each glued solid torus in M = Z/(-^ -2, -2) is a tubular neighborhood of an exceptional fiber. Since the distance between the slopes ---2 and -2 equals 1, A is isotopic to an exceptional fiber in M. After isotoping the fibration of M, A becomes an exceptional fiber. □
Surgeries on Eudave-Munoz' knots.
Eudave-Mufioz [9] obtained a family of hyperbolic knots each of which has at least two integral, Seifert fibering surgeries and at least one nonintegral surgery giving a toroidal manifold. His idea is to find a 2-string tangle which forms a trivial knot, a Montesinos link, or a sum of two prime tangles by adding adequate rational tangles. Then the double branched covering of such a tangle will be a knot exterior with several exceptional Dehn fillings.
The Eudave-Mufioz construction [9] starts with Figure 6 .3. fc is a trivial knot in S' 3 . Assume that p or n is 0, and / ^ 0, ±1, m ^ 0. If p = 0, assume that (Z, m) ^ (2,1), (-2, -1), and (m, n) ^ (1,0), (-1,1 ). If n = 0, assume that m^l, (Z, m,p) ^ (-2, -1,0), (2,2,1) . B is a 3-ball such that (5, Bnk) is a 2-string trivial tangle, in particular, the 1/0-rational tangle according to the Bleiler's notation [1] . Let TT (2) c is a trivial knot in 5 3 .
Proof. We only consider the case when p = 0 and (Z, rn, n) ^ (2,2,0). Other cases can be settled in a similar manner.
Proof of (I).
Replace the tangle (B^Bnk) in k with the 0/1-rational tangle as in Figure 6 .4(a). -(CI) is isotopic to the core / of TT'^ (-Bi)-Hence, c^ becomes an exceptional fiber after isotoping the fibration of W slightly. This proves (1) for the Seifert fibering surgery in Theorem 2.1(c) of [9] . In the same way, we can prove that c is a fiber for other Seifert fibering surgeries in [9] .
Figure 6.5
Proof of (2) . Following [9] , we will obtain an explicit description of k(l,m, n, 0). In Figure 6 .6, the circles a; (i = ±Z, ±ra, n,p) indicate that we perform z-half twists along the disks bounded by the circles. The knot k in Figure 6 .3 is the trivial knot fco in Figure 6 .6 with these twistings. Note that the circles ci, C2 in Figure 6 .3 are preferred longitudes of a n , a p in Figure 6 .6, respectively. Now take the double covering of S 3 branched along ko. The preimage of ai (i = ±Z, ±m, n) consists of two simple closed curves, and let J; denote one of them; a p is deleted since p is assumed to be 0. Let B be the preimage of B. Eudave-Mufioz [9] obtained Figure 6 .7. Let ki be a core of the unknotted solid torus B in 5 3 . The preimages of the evident disks bounded by ai are annuli. Using these annuli, define framings of J;. Note that Ji (i = ±Z,n) are then given 0-framings. Hence ci, a preferred longitude of a n , lifts up to a preferred longitude of J n . The knot fc(Z, m, n, 0) is obtained from ki by doing -l/i-Dehn surgeries on Ji in terms of the meridian-longitude pairs determined by the framings of Ji. The curve c = c^ is thus obtained from a preferred longitude of J n after performing the above surgeries. EudaveMuiioz observes that these surgeries can be simplified as follows. The curves Ji and J_/ bound an annulus L intersecting B in a disk. Similarly, J m and J_ m bound an annulus M such that M n B = 0, and L fl M is an arc. The annulus L (resp. M) also gives framings to Xy (resp. J± m ). However, these framings coincide with the ones we defined before. Therefore, doing qpl/Z-surgeries on J±i is equivalent to Z-twisting along the annulus L (cf. Figure 6 .8). The similar statement holds for the annulus M. We now have the following result. Since J n does not intersect the annuli L, M, a preferred longitude of J n is still a trivial knot after the operations in the lemma. This implies that c is a trivial knot in 5 3 . □
Surgeries on twisted torus knots.
Let W be a standardly embedded solid torus in S s . Let K Pjq be a simple loop on dW which winds around p times meridionally and q times longitudinally (q > \p\ > 2). Given r, take an arc a in dW such that danKp jq = 0, and a meets Kp iq in 7" points of the same sign. We furthermore assume that a is disjoint from a meridian of W meeting Kp^ in exactly q points. Note that two such a are isotoped to each other in dW so that da keeps away from Kp iq during the isotopy. Let D = a x [-1,1] be an embedded disk in 5 3 such that D intersects dW transversely in a x 0 = a. Let V be the unknotted solid torus S 3 -int N(dD) containing Kp^q in its interior; a meridian disk of V intersects Kp iq in r points. Recently in his thesis [8] Dean has studied Seifert fibering surgery of 5 3 on K{p,q,r,n) for 0 < r < max{|p|,g} and n = ±1. In [25] , we studied surgery of V on Kp, q for r = p + q. Lemma 9.1 of [25] implies that: Example 2. Let ^2,2™ be the twist knot and c the trivial knot described in Figure 6 .1; it is known that K2,2n is hyperbolic for n ^ 0,1. As shown in Proposition 6.1, (K2^n] r) is a Seifert fibered manifold with c an exceptional fiber in (if2,2n; 0? where r = -1, -2, -3. Note that i^oUc is the Whitehead link, and Jf2,2n is obtained as the image of 1^2,0 by performing -1/n-surgery on c. From Thurston's hyperbolic Dehn surgery theory, c is the unique shortest geodesic in S 3 -if2,2n if M is sufficiently large, and the length of c tends to 0 as |n| -> 00. This result, together with tests by SnapPea for small n, suggests that c is the shortest geodesic in S 3 -Kz^n for any n ^ 0,1.
Definition (twisted torus knot). Twist
Examples. Let / ^ 0,±1, m ^ 0, and (Z,m,n) ^ (2,2,0). Let &(/, m, n, 0) and c be the knots in Proposition 6.2. Set K n = &(7, m, n, 0). Then c is a trivial knot and a regular or exceptional fiber of any Seifert fibered manifold (K n ;j) given in [9] . By Lemma 6.3 and Figure 6 .9, K n is obtained from KQ after doing -1/n-surgery on c. We denote the core of the filled solid torus also by c. Using the fact that K n (n ^ 0,1) is hyperbolic [9, Proposition 2.2], we prove that: Claim 7.2. KQ U C is a hyperbolic link in S 3 .
Hence, as in Example 2 above, after hyperbolic Dehn surgery the cusp c is the shortest geodesic in S 3 -K n if |n| is sufficiently large.
Proof. As pointed out in [9] , KQ is a closed braid in the solid torus S 3 -int JV(c). Since Zfc(lfo, c) = 2lm -1 ^ 0, S 3 -KQ U C is irreducible. Let M = S 3 -mtN(Ko U c); 5 3 -mtN(K n ) is obtained from M by (//-nA)-Dehn filling on cWV(c), where (/x, A) is a preferred meridian-longitude pair of c. Take the torus decomposition of M and let P be the piece containing dN(c). First assume P = M. If P is hyperbolic, this is the desired case. If P is Seifert fibered, then KQ C S 3 -int iV(c) is a 0-bridge braid. So K n is a torus knot for any n, a contradiction.
Next assume P 7^ M for a contradiction. Denote by P(n) the manifold obtained from P by (/i -nA)-Dehn filling on dN{c). If P is hyperbolic, P(n) is hyperbolic for sufficiently large n [30] . Since P(n) is boundaryirreducible, S 3 -int N(K n ) contains an essential torus, a contradiction. Now assume that P is Seifert fibered. Since KQ is a closed braid in S 3 -int iV(c), any incompressible torus in M separates dN(c) and dN(Ko). It follows dPndM = dN(c). By choosing n so that a fiber slope on <9JV(c) C P is not H -nA, P(n) is Seifert fibered for infinitely many n. If P(n) is boundaryirreducible for some n, then the hyperbolic manifold 5 3 -int N(K n ) contains an essential torus, a contradiction. Hence, P(n) is boundary-reducible and thus a solid torus for infinitely many n. By the assumption on P, it is a cable space. A fiber of P on dN(c) represents, say X/J, + yX. Since P(n) is a solid torus for infinitely many n, the distance between the fiber slope and the surgery slope \x + yn\ is one for such n. It follows that x = ±1, y = 0; a fiber is a meridian of c. Then P(oo) contains a lens space summand, a contradiction. □
The following example shows that we cannot always take a shortest geodesic as the trivial knot c in Question 7.1. Example 4. Let K be the twisted torus knot 1^(3,7,10, -1) in Section 6.3, which is a hyperbolic knot. Then (if; -79) is a lens space (see Proposition 6.4). Calculation of the fundamental group of complements implies that in S' 3 , the shortest geodesic ci in 5 3 -K is a trefoil knot and the second shortest geodesic C2 is a trivial knot. In (K] -79), ci is an exceptional fiber and C2 is a regular fiber. Hence C2 serves as c in Question 7.1. Remarks.
(1) Shortest geodesies in S 3 -K are unknotted for any hyperbolic knot K with up to 11 crossings.
(2) Let K be the (-2,3,7)-pretzel knot. Then (K; 17) is a Seifert fibered manifold. The shortest geodesic in S 3 -K is an exceptional fiber in some Seifert fibration of (K\ 17), however the 5th shortest geodesic C5 m S 3 -K is not a fiber in any Seifert fibration of (K; 17). In fact, (K\ 17) -C5 is hyperbolic. 
Added in proof
